E. Computation of Permanent Magnetic Fields

The following passages should give an impression, how permanent megndie analyzed
in regard to their field distribution. This overview can not coverralas It will merely intro-

duce the basic differential equations of magnetostatics, giverd wew to the numerical
method of Finite Elements and will then explain the most popular metbaps the fields of

magnets analytically. Some formulas will be presented which are badkdmatically on the
field of vector analysis. So the meaning of some of the symleihg) lin use here will be de-
picted in a small appendix at the end of this chapter.

1. General

The heart of all formulas for the analysis of macroscopicneiag systems are the Maxwell
equations together with some material laws. From these Mbeaghtions partial differential
equations of electromagnetic potentials can be derived, covelifigldgd of EM phenomena
like static and time dependent electric and magnetic fieldsgrdudistributions, electric cir-
cuits or wave phenomena. At this place first an equation for g&ticanent magnets together
with DC currents will be derived.

Eq.(B.4) was
B=Br+ ox (H)>H (E.1)

This constitutive relation includes permanent magnets with remsan@ductionBr and a
general field dependent but relatively small permeabilityBut it also can stand for soft
magnetic materials, wheBy is relatively small and jcan be very high.

We now use the vector potentfaland in additiorM, instead oBr, i.e.:
B=N"A and M. =B/ o (E.2)

The use ofA follows from N>B=0, compare (EA.8) in the appendix. Taking the tiotaon
both sides of (E.1) and using (E.2) supplies:

R LR A= o® HaR My (E.3)

r

Remembering eqg. (A.4) we see, that the first tenmthe right side is nothing else than the
current density.

N°=R" A= oj+N" =) (E.4)
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Known parameters for this so called magnetostatimfilation are the DC current density, the
distribution of remanence magnetization as welthes permeabilities of hard or soft mag-
netic materialsA is the unknown. In addition to such partial diffietial equations like (E.4),
additional constraints for the vector potential éhdw be demanded. These are relations for its
behavior on the spatial borders of the problemwell as gauge relations, see below. They
consider thaA is not defined uniquely by only the differentigjuation. Solutions of (E.4) for

A and so foB, H etc. are analytically available for only a few sjpécases, which means that
numerical methods have to be applied. The mostlpopme is nowadays the Finite Element
Method (FEM).



The Finite Element Method separates space into ss@thents, assuming a linear or quad-
ratic behavior of the components &fin each element. Fig. E1 shows such an elemetnt-dis
bution for a two dimensional example. The behawiothe potential in an element is parame-
trized with the help of its values on the nodegdges of the element. Under these conditions
(E.4) can be reformulated to a system of lineaagquos with the node or edge valuesfoas
unknowns. The Finite Element Method so deliversapproximation of reality which in-
creases in quality with growing number of elemebisadvantageous in this method is, that
FEM software packages are very expensive on one, dndh means several 10.000 US$ for
3D packages. In addition most of them demand a frgde of knowledge and the analyses
are highly time consuming in most cases.

Beside the direct solution of the differentials ajpns and the FEM method, several other
numerical methods like FDM (Finite Difference MethoBEM (Boundary Element Method)
or FIT (Finite Integration Technique) exist, bue af less popularity or have to suffer from
big disadvantages compared to FEM.

Fig. E1: Interchange of a current coil with an unidirecabpermanent magnet (arrow), ana-
lyzed by FEM method.

As another approximation method the so called owetif magnetic circuits is mentioned in
nearly every book about magnetism, which was iremsite use in the past before FEM to-
gether with cheap computer resources became alail@bis method can treat more or less
accurately nearly closed systems only, where thezemagnets, coils etc. which are embed-
ded in systems of soft magnetic materials. To getlgesults here the existence of only small
air gaps has to be demanded. Please refer tatliterfor further information.

After this general introduction, we like to apprbdo the analysis of permanent magnets them
self. In the following so we will focus on the mathatical treating of pure permanent mag-
netic systems in three dimensions



2. Treatment of Permanent Magnets

In absence of DC currents and soft magnetic mégangE.4) there i$=0. |k is close to one
for the most cases of hard magnetic materialsESY ¢educes to the following formula:

N°"N A= oN" M

Now we introduce a gauge equation for the vectdemg@l, here the so called Coulomb
gauge:

NxA= 0 (E.5)
Together with the vector identity (EA.9) from thepandix the above then becomes
DA =- N M (E.6)
This set of differential equations has a generaitem by eq. (E.7):
A1) =4—°V%dv+4—°i%dp (E.7)

Herer is the location were the field is sought ahds the vector of the magnets locations. The
integrations are done over the magnets volume Wedlsas over the magnets surface F.

Eq. (E.7) is of less popularity than the followifggmulation, perhaps for people are scared of
the vector potential. This following formulationtisat of the magnetic scalar potential:

Taking eq. (E.1) together with setting=fl for the magnet leads together with (E.2) to:
B= oM+ oxH
Taking into account thd has no sources, i.8:B=0 see eq. (A.3), this leads to
N xH = - N v, (E.8)

Sincej=0. i.e.N" H=0, vector analysis reveals thdtcan be expressed by a scalar potential,
see eq. (EA.7) of the appendix:

H=-N (E.9)
This leads together with (E.8) in the absence afetus to:
DF =N xM (E.10)
The general solution of (E.10) is given by:

Fiy=. L M 1 Mon

—FdF' E.11
4 ylr-r]" 4 2‘r-r'|d (E.11)

The integration is done again over the magnet velaswell as over its surfaces.

Which of both formulations i.e. the vector or scgtatential formulation is taken, often de-
pends on the ease of solving the respective inegral may be different for different geome-
tries. In general, often the integrals can not xygessed by explicit formulas but have to be
treated numerically.



3. Example for the Use of the Scalar Potential Formulation

In the following we will show an easy example oé thpplication of the magnetic scalar po-
tential on a homogeneously magnetized cylinder rabgith axial height h and radiug The
field shall be computed at a distance d from thgmats surface, see the sketch below. The
magnetization is oriented in axial direction, M=M,*e;.
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Fig.E2: Sketch of a homogeneously magnetized cylinder. fidld shall be computed at a
point with distance d from its surface.

When we take the potential solution eq. (E.11) ae that in the volume integrBbM =0, so
the volume integral itself vanishes. This is alw#ys case with homogeneous kinds of mag-
netization, so the fields are originated only by piole surfaces.

For simplification we combine the rest of eq. (B.%ith eq. (E.9) where the Nabla operator
can be taken under the integral. So we get fofigta

H(r) = - ioM,xn'N(L)dF' (E.12)
4 r-r]

The scalar product of magnetization with the sw@faormal vector is only non zero at the
head surfaces of the cylinder, were the plus a@s at the upper and minus at the lower sur-
face:

M:>n = M- (E13)
The surface element of a head surface is
dF'=r'dr'd/ ' (E.14)

From symmetry it follows that at the center pointlistance d, there can only be an axial, i.e.
z-component of the field. So we only need the 2-pathe Nabla operator under the integral:

Rl gt 1 91 1
e Rl 92t 2y
Z'=+/- h/2 is the location of the head surfaceg] anthe coordinate of the point of interest,

both related to the coordinate origin, which isali@d at the center of the magnet. After differ-
entiation and expressing dashed and non dashed Ihelp of h and d one gets:



T 1 d

A =- for upper surface 2} (RS}
Mz|r- r'| J(r?+d?)® PP (=
T 1 = (d+h) for lower surface (E.15b)
Tzlr-r|  J(r2+(d+h)?)?

Now we summarize (E.12)-(E.15) and get for thedfiel

H(d) = H:>e:
with (E.16)
Hz = Hzt - Ha
where
Mr 2 . ma dsr'
Hx=— dfj' ——dr E.16a
' 4 0 '/ 0 }(r|2+d2)3 ( )
and

szz% 2 g e _(drhpr

0 0 (r|2+(d+h)2)3

The integration over the angle is elementary amditibegrals over the radius can be taken
from integral maps. Doing this the final result derewritten to

dr (E.16b)

H(d) = H: xe, (E.17)
with
H:(d) = %(g(d+ h)-g(d)) (E.17a)
where
w
= E.17b
o) == (E.17b)

E.g. a magnet with ra=5mm, h=3mm and Mr=800kA/m (=afiginates a field of 171 kA/m
at a distance of 1mm.

Whereas this example shows a result which can be@nga quite easily, in general the inte-
grals can not be solved by explicit expressionsiane to be treated numerically. In the case
of non homogeneous distributions of magnetizatidditeonally the volume integrals of eq.
(E.11) have to be solved, which demand additioffalts.

Appendix

In the above some symbols of vector analysis lileeNabla operator were used and shall be
depicted here.

The Nabla operator can be introduced in cartesiandinates as a vector of single component
differential operators:



N=(—,—,— (EA.1)

In cartesian coordinates this can be applied likecor in the form of dot product and cross
product to vectors. To scalar fields it can by &apby simple multiplication. So entities like
divergence, rotation and gradient can be formed:

\l 1 \l
N>a=d =——a&t—at—a EA.2
V@ = ‘ﬂxax ‘ﬂyaj fiz ( )
Tee Yo, ‘H& T, . ‘ﬂa/ flax
N a=rot EA.3
a=rot(a) = ex(‘"y 2 ( 0 ( ey (EA.3)
N =grad —e +ey1 ra (EA.4)

fix fiy fiz

Since we used grad] in cylinder coordinatesjr,z in the example above, we will give it here
also in this coordinate system. Expressions fo(ajliand roté) in other coordinate systems
can be found in literature.

N =gradf)=e ' +lg T +e (EA.5)
ar r 9y 1z
Another operator following from Nabla is the Lapamperator. In cartesian coordinates:
IR G S
=N? = + +
"x Ty Tz ()

Some important characteristics of vector fieldsalation with the above operators are as fol-
lows:

N a=0 a=NK (EA.7)

(In words: When a vector field is curl free it caa expressed as the gradient of a scalar po-
tential)

N>a=0 a=N" A (EA.8)

(In words: When a vector field is source freeah de expressed as the curl of a vector poten-
tial)

One identity between different operator expressufre vector field which was used above is
the following:

N°N a=N{N>x)- a (EA.9)

A lot of other identities between the above opegtn reference to scalar and vector fields
can be found in literature. Also refer to literaun regard to the evaluation of surface and
volume integrals as well as to relations betweamthike the Stokes, Gauss or Greens rela-
tions.



